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Abstract—This paper proposes a new hybrid analytical and
numerical FE-based method for calculating ac eddy current
losses in wire windings and demonstrates its applicability for
axial flux electric machines. The method takes into account
3D field effects in order to achieve accurate results and yet
greatly reduce computational efforts. It is also shown that hybrid
methods based on 2D FE models, which require semi-empirical
correction factors, may over-estimate the eddy current losses. The
new 3D FE-based method is advantageous as it employs minimum
simplifications and considers the end turns in the eddy current
path, the magnetic flux density variation along the effective length
of coils, and the field fringing and leakage, which ultimately
increases the accuracy of simulations. Case studies of axial flux
PM motors: one with concentrated windings and open slots and
another one with a coreless topology, are included.

Index Terms—Eddy current loss, ac winding loss, finite ele-
ment, 3D model, PM machine, axial flux motor.

I. INTRODUCTION

The accurate prediction of the power loss components
plays a vital role in the effective optimal design of electric
machines, and, in this respect, ac eddy current winding losses
are very important, especially in high-speed and high-power
density designs. In this case, the nonlinearity caused by the
large magnetic loading may increase the slot opening flux
leakage and result into winding losses even at open circuit
in addition to increased losses due to the proximity effects at
load operation [1]–[3].

Analytical and numerical methods for estimating such ac
winding losses have been previously developed and published,
e.g. [4]–[7]. Analytical methods are more straightforward
to use, but typically employ many simplifying assumptions,
leading to approximate results. Numerical techniques, such as
finite element analysis (FEA), may be more accurate with
the downside of a laborious set-up process and substantial
computer resource requirements.

In order to bridge the gap, hybrid methods have been
proposed [2], [8], [9]. These methods generally employ the
FEA calculated flux density in one coil cross section in order
to provide a trade-off between accuracy and computational
speed. On the other hand, due to end effects, flux leakage and

fringing, the flux density observed by the winding in different
cross sections may not be identical and hence employing a 2D
FEA model may not suffice. For machines with considerable
flux leakage at the ends, hybrid methods that utilize 2D FE
models can overestimate the losses. Additionally, the accuracy
is negatively affected because 2D models cannot take into
account the end path of the eddy currents. The possible
problems associated with sampling the flux density from a
2D FE model are discussed in more detail later in the paper.
Furthermore, it should be noted that electrical machines, such
as those of the axial flux type, in which the flux density in the
slots and winding conductors vary both in the axial and radial
directions, have a substantially three dimensional magnetic
flux path and require adequate 3D FE models.

This paper proposes a new hybrid method with minimal
simplifying assumptions. The analytical formulation is derived
with the corresponding equations and the results are compared
with meticulous 3D FEA of models with the windings detailed
wire-by-wire. The method is illustrated on example axial flux
permanent magnet (AFPM) machines with concentrated coils
around the teeth and open slots, and with a coreless stator
structure, respectively.

II. NUMERICAL MODELS

Two- and three-dimensional FEA models can be used to
estimate the flux density and the losses. Two-dimensional FEA
is easier to set up and is faster, making it particularly suitable
for large-scale parametric and optimization studies. However,
a major disadvantage is that it cannot take into account the
variations in the third dimension. On the other hand, three-
dimensional models can take end effects and 3D flux paths
into account, but have the drawbacks of being laborious to set
up and computationally expensive.

It is possible to model the coils in detail, in a turn-by-turn
and wire-by-wire approach in order to numerically calculate
the ac winding losses. However, this is a complicated task,
difficult to parametrize and to employ in an optimization al-
gorithm. The winding ac loss estimation requires fine meshing
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Fig. 1: The geometries employed for the FE models of the AFPM machine
considered in the study. (a) Simplified 3D model with large equivalent single
turn coil, (b) 3D model with turn-by-turn representation of wire conductors,
(c) simplified 2D model with large equivalent single turn coil, and (d) 2D
model with detailed turn-by-turn representation of the wire conductors.

according to the skin depth, while the flux density can be
estimated with a more coarse mesh.

Four types of geometries employed throughout this paper
for the FEA modeling of the example slotted AFPM machine
studied are shown in Fig. 1. These include 2D and 3D models
with a general large equivalent single turn coil, Figs 1a and
1c, and detailed turn-by-turn models of the conductors, Figs.
1b and 1d. The example 2D FEA results from Fig. 2 illustrate
the flux lines and fringing as well as the induced eddy currents
and losses in open-circuit.

III. HYBRID ANALYTICAL–FEA METHODS

Hybrid methods may provide, in principle, a satisfactory
compromise between accuracy and computational efforts for
estimating the ac eddy current component of copper losses.
For such methods, a combination of analytical equations and
FEA is employed. Typically, flux density values are sampled
from the simplified coil cross section representation of a 2D
FE model, e.g. shown in Fig. 1c. The flux density is then used
with analytical equations in order to calculate the eddy current
losses.

Although hybrid methods may lead to more accurate es-
timations than pure analytical methods, they have the risk
of inaccuracy due to the fact that they disregard 3D effects.
Neglecting end paths, as shown in Fig. 3 may result into un-

(a)

(b)

Fig. 2: The magnetic flux lines together with the induced eddy current density
(a) and the power density losses in the conductors due to the eddy currents
(b), respectively.

Fig. 3: Eddy current 3D distribution in the conductors (top) and a typical eddy
current path considered in a 2D analysis, having a go and return path along
the conductor Leff and not including an end coil section.

derestimation of resistance and hence overestimation of eddy
current losses. The end turn paths become a larger contributor
to the resistance of the eddy current paths for shorter coils, i.e.,



lower stack length in case of radial flux machines or larger split
ratio in case of axial flux machines. Therefore, it is necessary
to consider the entire path of the eddy current loop. One typical
approach is to employ correction factors, such as:

Ks = 1 −
tanh

(
πLeff
dc

)
πLeff
dc

(1)

where Leff is the effective length of the coil and dc is the
conductor diameter. The above formulation of the correction
factor, Ks, has been originally introduced for the calculation
of eddy current losses in the screened-rotor of an induction
motor [10] and later adopted for the rotor retaining can of
PM excited machines [11]. In our study, Ks is employed for
calculating winding eddy current losses.

Another important reason for a possible overestimation
of eddy current conductor losses by 2D methods may be
attributed to not considering the magnetic field fringing and
leakage, and hence neglecting the reduction of the flux density
towards the ends, as illustrated in Fig. 4. Hybrid methods that
employ 2D models ignore the fringing in the third dimension
and typically result in larger and constant values of the
flux density along an entire coil side. Moreover, for axial
flux machines the non-linear magnetic field along the radial
direction can largely vary and sampling the flux density at
only one particular diameter may not be truly representative
of the flux density throughout the entire coil.

For an example AFPM machine, the magnitude of the
flux density in each of the winding turns placed in the slot
and surrounding a tooth was estimated with one sample per
conductor using 2D and 3D models, respectively (Fig. 6).
The 3D samples are taken for each of the 21 turns placed
at equally distanced radial locations and then averaged. The
2D model was set-up for the mean diameter. The 2D model
overestimation of the flux density, particularly for the turns
that are closer to the top of the slot and closer to the teeth, is
noticeable.

The coreless AFPM machine example from Fig. 5 is illus-
trative of the typical very large 3D variation of the flux density
in the stator windings. In order to account for this, one solution
would be to study multiple 2D models representative of slices
at different radial coordinates and combine their contributions
[12]. An increased number of 2D slices would increase, in
principle, the accuracy of the simulation at the expense of
increased computational time, but won’t still account for the
end field, which makes the use of 3D models worthwhile even
more so.

IV. PROPOSED METHOD

The new method proposed in the paper employs a simplified
3D FE model with a single equivalent turn per coil as shown
in Fig. 1a. The model can be solved as a magnetostatic
field problem or as an eddy current problem, but with an
ideal zero conductivity set for the conductor. The motivation
for this approach is that the mesh required for satisfactorily
accurate flux density calculations is substantially less dense

(a) (b)

Fig. 4: The magnetic flux density in the conductors of a concentrated precise
wound coil placed in the slots of an example AFPM machine calculated with
2D (a) and 3D (b) FEA and illustrating the multi-dimensional variation of the
field.

than required for eddy current calculations in the winding
conductors, resulting in faster solving and significantly lower
computational resource requirements.

Considering NL sections in the radial direction and a precise
winding configuration, as shown in Fig. 4:

Pnφ,nz,nL = [xn, yn, zn] ;

nφ = 1, ...Nφ ; nz = 1, ..., Nz ; nL = 1, ..., NL ;

xn =
ID

2
cos

(
θin
2

)(
1 − nL

NL

)
+
OD

2
cos

(
θon
2

)
nL
NL

;

yn =
ID

2
sin

(
θin
2

)(
1 − nL

NL

)
+
OD

2
sin

(
θon
2

)
nL
NL

;

θin = θi + 2 arcsin

(
dc(2nφ − 1)

ID

)
;

θon = θo + 2 arcsin

(
dc(2nφ − 1)

OD

)
,

(2)
where Pnφ,nz,nL are the Cartesian coordinates of the nth point
to be sampled for the flux density value; NL, the number of
sampling planes stacked in the direction of the effective length
of the coil with an equal distance of ∆L =

Leff
NL

between
them; Nφ and Nz , the number of turns in the circumferential
and axial directions, respectively, as shown in Fig. 7a; ID and
OD the inner and outer diameters; θi and θo the inner and the
outer coil span angles, as illustrated in Fig. 7b.

It should be noted that for random windings, methods such
as the one described in [2] maybe further developed for 3D
application in conjunction with the new techniques described
in this paper. Also, it is important to carefully adapt the
flux density sampling to the problem. For example, if the
real conductor dimensions are larger than the skin depth and
the variations of flux density inside each conductor may be
considerable, multiple flux samples in each plane are needed.

The eddy current losses for a circular conductor can be
calculated based on a general analytical formulation:

Peddy =
1

R

(
dΦ

dt

)2

; dR =
(Leff + 2r)ρ√

d2c
4 − r2 dr

(3)



Fig. 5: The magnetic flux density in the conductors of an example AFPM
coreless machine calculated with 3D FEA. For such machines, the winding
is directly exposed to the airgap field, the magnitude and multi-dimensional
variation of which can be substantial, resulting in significant eddy current
losses.

where R is the resistance; Φ, the magnetic flux through the
conductors; and ρ the conductor resistivity. Each conductor
cross section can be divided into M segments as shown in
Fig. 3. Assuming constant flux density for each segment, one
field sample per segment may suffice.

Therefore, the eddy current loss for one coil side with Nφ×
Nz turns can be estimated as:

Peddy =
4L2

eff

ρ

Nφ∑
nφ=1

Nz∑
nz=1

∞∑
h=1

M∑
m=1

...

( d

dt

(
1

Leff

∫ OD

ID
Bm,h

(
D

2
, nφ, nz

)
dD

))2 ∫ rm2

rm1

r2
√
d2c
4

− r2

(Leff + 2r)
dr


=
Leff

2ρ
Ks

Nφ∑
nφ=1

Nz∑
nz=1

∞∑
h=1
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m=1

...

[(
d

dt

(
1

Leff

∫ OD

ID
Bm,h(

D

2
, nφ, nz) dD

))2

(f(rm2)− f(rm1))

]
;

f(r) = r

√
d2c
4

− r2 (2r2 −
d2c
4
) +

(
d2c
4

)2

arctan
r√

d2c
4

− r2
,

(4)
where Bm,h is the hth harmonic of the flux density in the
mth section for the conductor associated with nφ and nz at
the diameter D. The flux density of the mth section includes
the flux density of all sections that are inscribed in it (i.e.
Bm =

∑m
mi=1Bmi).

If the conductors are sufficiently small, the flux density
throughout the conductor cross section may be assumed con-
stant. Taking the variation of B along the effective length
from inner to outer diameter into account, and neglecting the
harmonics content, the eddy current losses of the machine with
Nc coil sides are derived as:

(a) (b)

Fig. 6: (a) Schematic of a coil side placed around the tooth displaying
conductor identification numbers. (b) The flux density in each conductor,
obtained by space sampling 2D and 3D FEA results, respectively. The 2D
FEA typically results in an over estimation, especially for the conductors at
the top slot and closest to the tooth.

Peddy =
πLeffNcd

4
cω

2
eKs

128ρ
...

Nφ∑
nφ=1

Nz∑
nz=1

[
1

Leff

∫ OD

ID

B

(
D

2
, nφ, nz

)
dD

]2
.

(5)

A discrete sampling along radial direction with NL samples
can be performed in which case the coordinates of the sample
points in the general 3D FEA model can be obtained from (2).

Both (4) and (5) assume that within the coil side the largest
eddy current flow path follows the entire active length of the
coil with shorter paths being possible, as shown in Fig. 8.
The following equation, in which different eddy current paths
inside one conductor are specified with the index k, takes this
effect into consideration:

Peddy =
πLeffNcd

4
cω

2
eKs

128ρ

Nφ∑
nφ=1

Nz∑
nz=1

kmax∑
k=1

Ck ·B 2
path,k ,

(6)
where Ck is the coefficient adjusting the resistance of each
current path and Bpath,k is the flux density within the kth

current path. In the case of an odd number of samples, NL,
along the coil side:

kmax =
NL + 1

2
, Ck =

2 + 4(k − 1)

NL
,

Bpath,k =
1

1 + 2(k − 1)

NL+1

2 +(k−1)∑
n=

NL+1

2 −(k−1)

Bn .

(7)

For an even number of samples:

kmax =
NL
2

, Ck =
4k

NL
,

Bpath,k =
1

2k

NL
2 +k∑

n=
NL
2 −(k−1)

Bn .
(8)



TABLE I: ADDITIONAL AC COPPER LOSSES IN THE WINDINGS DUE TO EDDY CURRENTS, CALCULATED WITH DIFFERENT FEA AND HYBRID METHODS
FOR OPEN-CIRCUIT AND FULL LOAD OPERATING CONDITIONS.

AFPM machine Eddy current loss 3D FEA Hy-3D 2D FEA Hy-2D

Coreless Open-circuit [W] 420.5 424.0 611.7 520.3
Open slot Open-circuit [W] 35.7 36.7 41.4 39.5
Open slot Full load [W] 44.7 48.5 57.0 49.4
Approximate FEA computational time 37 hours 35 minutes 2 minutes 12 seconds

(a)

(b)

Fig. 7: (a) The flux density sampling planes employed by the new hybrid 3
FEA method stacked in the direction of the main current flow. (b) Three-
dimensional sampling is performed also in order to take end effects into
account. The axial cross section schematic depicts the coil span and the in
inner and outer diameter as used in (2).

Equation (6), which comprehensively represents the discrete
implementation of the proposed new hybrid 3D FEA method,
was employed in the following case studies.

V. CASE STUDIES

Two example case studies were conducted: a 20 pole
24 slot AFPM machine with open slots and precise-wound
concentrated windings with coils placed around the core teeth,
as shown in Fig. 1, and a coreless AFPM machine with 12
coils and 16 poles, as shown in Fig. 5. The winding conductors
were connected in series. It should be noted that in the case
of parallel connections between turns, conductor transposition
may reduce the circulating currents and additional losses.

The calculations were performed for open-circuit and load,
at a fundamental frequency of 1.6 kHz for the open-slot
machine and at 480 Hz for the coreless design, respectively.

Fig. 8: Eddy current paths with different length along the coil side.

Fig. 9: The 3D mesh plot for the turn-by-turn model of the AFPM machine
with open slots.

A coreless machine operating at higher frequencies would
typically require the use of Litz wire, which is beyond the
scope of the current paper.

The results for different methods presented in Table I
include only the additional ac induced eddy current losses in
the windings and not the steady-state dc-type loss component
due to the main supply current. The four calculation methods
considered are:

• 3D FEA: time-transient 3D FEA with detailed turn-by-
turn, i.e., wire-by-wire, representation of the winding
coils (considered the most accurate method),

• Hy-3D: the new hybrid method with samples of flux den-
sity obtained from a simplified 3D model (the proposed
method),

• 2D FEA: time-transient 2D FEA with turn-by-turn wire-
by-wire representation of the winding coils,

• Hy-2D: a hybrid method with samples from a simplified
2D FEA.

An example mesh plot used with the first method, the
detailed time-stepping 3D FEA, is presented in Fig. 9. The
hybrid methods studied, i.e., Hy-3D and Hy-2D , employed



time-transient analysis. Nevertheless, in principle magneto-
static analysis and adaptive meshing may also be used, which
could further reduce the computational time.

The additional eddy current losses calculated for the core-
less machine example are significantly larger due to the
winding conductors being exposed to the air-gap flux density.
The results show increase in the additional winding loss for
load operating conditions. This is because the varying flux
density is not only originated from magnets, but also the ac
current flowing in the neighboring conductors as well as the ac
current inside the same conductor can induce additional eddy
currents. Another reason may be attributed to the increased
variation of the flux density due to armature reaction, causing
distortion and asymmetry in flux lines.

The new Hy-3D method takes into account the effect of
end turns in the return path of eddy currents through the use
of the correction factor, Ks, introduced in (1). The calculated
Ks value is 0.98 for both machines, meaning that in these
cases, the correction due to the end winding is minimal and the
differences in results between methods may be substantially
associated with the 3D field variation along the active sides of
the coils.

In Table I, the first method listed, the 3D FEA, is consid-
ered as the most accurate approach and its results serve for
reference. For the example open slot machine, the estimation
differences for the Hy-3D, 2D FEA, and Hy-2D methods are
3%, 16%, and 11% at open-circuit, respectively and 8%, 28%,
and 11% on load, respectively, illustrating the advantages of
the new Hy-3D method in terms of satisfactory estimation.
Although the new Hy-3D method takes longer to solve than 2D
based algorithms, it is faster by one order of magnitude than
the reference full 3D FEA and it is applicable for a wide range
of problems. It should be noted that for the coreless machine
studied, the 2D based methods simply fail to provide any
estimations suitable even for basic engineering calculations.

VI. CONCLUSION

This paper proposes a new hybrid analytical-FEA method
for calculating ac eddy current losses in electrical machine
windings with special application for axial flux designs, such
as those of the PM synchronous type. The new method brings
a major improvement above more conventional FEA based
hybrid methods by considering the variation of the flux density
in a 3D dimension, namely radial in the case of an axial flux
machine and axial for a radial flux machine.

The computational results for two case studies of AFPM
machines show that the new method is superior to other

hybrid FE techniques in terms of accuracy and that its results
satisfactorily compare with reference detailed 3D FEA, while
reducing the computational time by one order of magnitude.
The new method achieves a trade-off between speed and
precision, making it suitable for different stages of the design
process of an electrical machine.
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